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ABSTRACT 
 This research introduces and focuses on (I, M)-cominimax modules. The paper shows that if 
t is an nonnegative integer, M is a finitely generated projective R-module and N is an R-module 
such that ݐݔܧோ௧ ݅ ூ(ܰ) is (I, M)-cominimax for allܪ is minimax and (ܰ,ܯܫ/ܯ) < /ܴ)ோ݉ܪ then ,ݐ
 .is finite ((ܰ,ܯ)ூ௧ܪ)ோݏݏܣ is minimax and ((ܰ,ܯ)ூ௧ܪ,ܫ

Keywords: Generalized local cohomology, (I, M)-cominimax, minimax modules. 
 
1. Introduction 
 Throughout this paper, R is a commutative noetherian ring and I is an ideal of R. Let 
M be an R-module, the i-th local cohomology module of M with respect to I is denoted by 
 Grothendieck, A. (1968) conjectured that if I is an ideal of R and N is a finitely .(ܯ)ூܪ
generated R-module, then ݉ܪோ(ܴ/ܪ,ܫூ(ܯ)) is finitely generated for all ݅ ≥ 0. 
Hartshorne, R. (1970) provided a counterexample to this conjecture. He also defined an R-
module K to be I-cofinite if ܵݑோ(ܭ) ⊆ ோݐݔܧ and (ܫ)ܸ  is finitely generated for (ܭ,ܫ/ܴ)
all ݅ ≥ 0, and he asked the following question. 
 Question. For which rings R and ideals I are the modules ܪூ(ܯ) I-cofinite for all i 
and all finitely generated modules M ? 
 There are some generalizations of the theory of local cohomology. The following one 
is given by Herzog, J. (1970). Let j be a nonnegative integer and M a finitely generated R-
module. Then the j-th generalized local cohomology module of M and N with respect to I 
is defined by 

ூܪ
(ܯ,ܰ) ≅ lim


→
൫ݐݔܧோ

 (൯ܰ,ܯܫ/ܯ)  

 If M = R, then ܪூ
(ܴ,ܰ) = ூܪ

(ܰ) is the usual local cohomology module. Borna, 
Sahandi & Yassemi (2011) introduced the concept of (I, M)-cofinite modules to study the 
cofiniteness of the module ܪூ

(ܯ,ܰ). As an extension of this notion, the researchers define 
(I,M)-cominimax modules. An R-module K is called (I, M)-cominimax if ܵݑோ(ܭ) ⊆
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ோݐݔܧ and (ܫ)ܸ 	݅ is minimax for all integer (ܭ,ܯܫ/ܯ) ≥ 	0. Section 2 shows some 
properties of these modules in Lemma 2.6, Proposition 2.9 and Theorem 2.10. The last 
section is devoted to the studying of the minimaxness relating to generalized local 
cohomology modules. Theorem 3.1 says that if M is a finitely generated projective R-
module and ܪூ(ܰ) is (I, M)-cominimax for all ݅	 < ோ௧ݐݔܧ and ݐ	  ,is minimax (ܰ,ܯܫ/ܯ)
then ݉ܪோ(ܴ/ܪ,ܫூ௧(ܯ,ܰ)) is minimax, where t is a nonnegative integer. It can be seen in 
Proposition 3.4 that if M is a finitely generated projective R-module and N is an R-module 
such that ܪூ(ܯ,ܰ) is I-cominimax for all integer ݅ ≥ 0, then ݐݔܧோ  is minimax (ܰ,ܯܫ/ܯ)
for all ݅ ≥ 0. 
2. On (I, M)-cominimax modules 
 Z̈schinger, H. (1986) introduced the class of minimax modules. An R-module K is 
said to be  minimax if there is a finitely generated submodule T of K such that K/T is 
Artinian. 
Remark 2.1.  
 The following statements hold: 

(i) The class of minimax modules contains all finitely generated and all Artinian 
modules. 

(ii) Let 0 → ܮ	 → ܯ	 → 	ܰ → 	0 be an exact sequence of R-modules. Then M is 
minimax if and only if L and N are both minimax. Thus, any submodule and quotient of a 
minimax module is minimax. The finite direct sum of minimax modules is minimax. 
Moreover, if M and N are two R-modules such that N is finitely generated and M is 
minimax, then ݐݔܧோ

(ܰ,ܯ) and ܶݎோ(ܰ,ܯ) are minimax for all ݆	 ≥ 	0. 
(iii) The set of associated primes of any minimax R-module is finite. 

 As a generalization of I-cofinite modules, Azami, Naghipour & Vakili (2009) 
defined the I-cominimax modules. 
Definition 2.2. (Azami, Naghipour & Vakili, 2009) 
 An R-module K is called I-cominimax if ܵݑோ(ܭ) ⊆ ோݐݔܧ and (ܫ)ܸ  is (ܭ,ܫ/ܴ)
minimax for all i ≥ 0. 
 Note that all I-cofinite modules and minimax modules are I-cominimax modules. 
Another extension of I-cofinite modules are (I, M)-cofinite modules which were introduced 
by Borna, Sahandi & Yassemi (2011). 
Definition 2.3. (Borna, Sahandi & Yassemi, 2011) 
 Let M be an R-module. An R-module K is called (I, M)-cofinite if ܵݑோ(ܭ) ⊆
ோݐݔܧ and	(ܫ)	ܸ 	݅ is finitely generated for all (ܭ,ܯܫ/ܯ) ≥ 	0. 
 Some properties of (I, M)-cofinite modules were shown by Borna, Sahandi & 
Yassemi (2011). The paper also contained some results on the cofiniteness and the 
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minimaxness concerning generalized local cohomology modules. In a natural way,  a new 
concept that is based on above notions will be given. 
Definition 2.4.  
 Let M be an R-module. An R-module K is (I, M)-cominimax if ܵݑோ(ܭ) 	⊆  (ܫ)	ܸ	
and ݐݔܧோ 	݅ is minimax for all (ܭ,ܯܫ/ܯ) ≥ 	0. 
 The first property shows a relationship between the I-cominimaxness and (I,M)-
cominimaxness in the case where M is finitely generated. 
Proposition 2.5.  
 If M is a finitely generated R-module, then I-cominimax modules are (I, M)-
cominimax modules. 
 Proof. Assume that K is an I-cominimax R-module. By the hypothesis, ܵݑோ(ܭ) 	⊆
ோݐݔܧ and (ܫ)	ܸ	 ഥܯ is minimax for all integer i ≥ 0. Let (ܭ,ܫ/ܴ) =  ഥܯ it is clear that ,ܯܫ/ܯ
is finitely generated and ܵݑோܯഥ 	⊆ ோݐݔܧ The researchers will show that .(ܫ)	ܸ	 /ܯ)
 is minimax by induction on i. By Gruson’s theorem (Vasconcelos, 1974, Theorem (ܭ,ܯܫ
 ഥ has a chain of submodulesܯ ,(4.1

0	 = ܯ	 	⊆ ଵܯ	 	⊆ ⋯	⊆ ܯ	 	=  ഥܯ	
such that ܯ/ܯିଵ is a homomorphic image of (ܴ/ܫ) 	 for some positive integer m. 
Consider short exact sequences 

0 ିଵܯ	→ ܯ	→ → ିଵܯ	/ܯ → 0 
where 1	 ≤ 	݆	 ≤ 	݇. 
 Note that there is an isomorphism ݉ܪோ((ܴ/ܫ) (ܭ, ≅ 	 (ܭ,ܫ/ܴ)ோ݉ܪ	 . Since K 
is an I-cominimax R-module, it follows from Remark 2.1.(ii) that  ݉ܪோ((ܴ/ܫ)  is (ܭ,
minimax. The exact sequence 

0 → (ܭ,ିଵܯ/ܯ)ோ݉ܪ	 	→ (ܭ,ܯ)ோ݉ܪ	 	→ (ܭ,ିଵܯ)ோ݉ܪ	 →	·	·	· 
yields that ݉ܪோ(ܯ,ܭ)	is minimax for all j and then ݉ܪோ(ܯഥ  is minimax. Thus we 	(ܭ,
have the conclusion when ݅	 = 	0. 
 Let ݅	 > 	0. The short exact sequence 

0 ିଵܯ	→ → ܯ →	 (ܫ/ܴ) → 	0 
induces a long exact sequence 

… → ൯ܭ,ିଵܯோିଵ൫ݐݔܧ	 → ோݐݔܧ	 (ܫ/ܴ)) (ܭ, → ோݐݔܧ (ܭ,ܯ) 	→ 	…	 
 Since ݐݔܧோ (ܭ,(ܫ/ܴ)) ≅	 ோݐݔܧ	 ோݐݔܧ , it follows that(ܭ,ܫ/ܴ)  .is minimax (ܭ,ଵܯ)
By inductive hypothesis, ݐݔܧோିଵ൫ܯିଵ,ܭ൯ is minimax for all ݆ ≤ ݇. By the similar 
argument as in the proof above, we have ݐݔܧோ  is minimax and the assertion (ܭ,ܯ)
follows.  
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Lemma 2.6.  
 Let 0 → ܣ	 → ܤ	 → ܥ	 → 	0	be a short exact sequence of R-modules. If two of three 
modules are (I, M)-cominimax, then so is the third. 
 Proof. We have that 

	ܤோݑܵ = ܣோݑܵ	 ∪  .ܥோݑܵ	
 The short exact sequence 0 → ܣ	 → ܤ	 → ܥ	 → 	0	 induces the following exact 
sequence 

·	·	·	→ ோݐݔܧ (ܣ,ܯܫ/ܯ) 	→ ோݐݔܧ	 (ܤ,ܯܫ/ܯ) 	→ ோݐݔܧ (ܥ,ܯܫ/ܯ) 	→ ⋯ 
 Combining the Remark 2.1.(ii) and the assumption, the claim follows. 
Corollary 2.7.  
 Let	݂ ∶ ܣ	 →  ,be a homomorphism of (I, M)-cominimax R-modules. If one of Ker f ܤ	
Imf and Cokerf is (I, M)-cominimax, then all three are (I, M)-cominimax. 
 It is well-known that in a local ring (R, m) if T is a finitely generated R-module with 
	ோܶݑܵ ⊆ {m}, then T is an Artinian R-module. Now the researchers consider this 
property in the case where T is minimax. 
Lemma 2.8.  
 Let (R, m) be a local ring and T a minimax R-module such that ܵݑோܶ	 ⊆ {m}. 
Then T is Artinian. 
 Proof. Assume that K is a finitely generated R-submodule of T such that T/K is 
Artinian. By the hypothesis, ܵݑோܭ ⊆ 	ோܶݑܵ ⊆ {m}, and then K is Artinian. Therefore 
T is also an Artinian R-module.  
Proposition 2.9.  
 Let (R, m) be a local ring and N is an (m, M)-cominimax. Then ݉ܪோ(ܯ,ܰ) is 
Artinian. 
 Proof. By the hypothesis, ݉ܪோ(ܯ/mܯ,ܰ) is minimax. Moreover, there is an 
isomorphism 

(ܰ,ܯm/ܯ)ோ݉ܪ ≅  .((ܰ,ܯ)ோ݉ܪ ,m/ܴ)ோ݉ܪ
 It follows from Lemma 2.8 that ݉ܪோ(ܴ/m, ݉ܪோ(ܯ,ܰ)) is an Artinian R-
module. Moreover, 

(ܰ,ܯ)ோ݉ܪோݑܵ ⊆ 	ோܰݑܵ	 ⊆ {m} 
which shows that ݉ܪோ(ܯ,ܰ) is m-torsion. By (Melkersson, 1990, Theorem 1.3), the 
module ݉ܪோ(ܯ,ܰ) is Artinian.   
Theorem 2.10.  
 Let N be an (I, M)-cominimax R-module. Then ݏݏܣோ(݉ܪோ(ܯ,ܰ)) is finite. 
 Proof. The isomorphism 

(ܰ,ܯܫ/ܯ)ோ݉ܪ 	≅  ((ܰ,ܯ)ோ݉ܪ,ܫ/ܴ)ோ݉ܪ	
and the hypothesis show that ݉ܪோ(ܴ/݉ܪ,ܫோ(ܯ,ܰ)) is minimax. By Remark 2.1.(iii), 
the set ݏݏܣோ(݉ܪோ(ܴ/݉ܪ,ܫோ(ܯ,ܰ))) is finite. On other hand, we have 
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(((ܰ,ܯ)ோ݉ܪ,ܫ/ܴ)ோ݉ܪ)ோݏݏܣ 	= (ܫ)	ܸ	 	∩  .((ܰ,ܯ)ோ݉ܪ)ோݏݏܣ	
 Since ܵݑோ(ܰ) 	⊆ ൯(ܰ,ܯ)ோ݉ܪோ൫ݑܵ and (ܫ)	ܸ	 ⊆  ோ(ܰ), it follows thatݑܵ	
  .is finite ((ܰ,ܯ)ோ݉ܪ)ோݏݏܣ
3. On minimaxness 
Theorem 3.1.  
 Let t be a nonnegative integer. Let M be a finitely generated R-module and N an R-
module such that ܪூ(ܰ) is (I,M)-cominimax for all integer	݅	 <  The following .ݐ	
statements hold 

(i) ݐݔܧோ 	݅ is minimax for all (ܰ,ܯܫ/ܯ) <  ;ݐ	
(ii) Assume that M is projective and ݐݔܧோ௧  is minimax. Then (ܰ,ܯܫ/ܯ)

 .is minimax ((ܰ,ܯ)ூ௧ܪ,ܫ/ܴ)ோ݉ܪ 
 Proof. (i) Let ܨ	 = 	ܩ and (−,ܯܫ/ܯ)ோ݉ܪ	 = 	  ூ(−) be functors from the category߁
of R-modules to itself. Let N be an R-module, we see that 

(ܰ)ܩܨ 	= ((ܰ)ூ߁,ܯܫ/ܯ)ோ݉ܪ	 	≅  .(ܰ,ܯܫ/ܯ)ோ݉ܪ	
 If E is an injective R-module, then (ܧ)ܩ 	= 	  & is also injective by (Brodmann (ܧ)ூ߁
Sharp, 2013, Proposition 2.1.4). It follows that ܴܨ൫(ܧ)ܩ൯ = 0. By (Rotman, 2009, 
Theorem 10.47), there is a Grothendieck spectral sequence 

ଶܧ
, 	= ோݐݔܧ	

(ܪ,ܯܫ/ܯூ
(ܰ)))


ோݐݔܧ	⇒

ା(ܯܫ/ܯ	,ܰ).	 

 Let ݊	 < ܪ there is a filtration Φ of submodules of ,ݐ	 	=  	(ܰ,ܯܫ/ܯ)ோݐݔܧ	
0	 = 	Φାଵܪ 	⊆ 	Φܪ ⊆ ⋯	⊆ Φଵܪ ⊆ Φܪ = ܪ 	 

such that 
ஶܧ
,ି ≅ Φܪ/Φାଵܪ  

for all 0	 ≤ 	݅	 ≤ 	݊. By the assumption, ܧଶ
,  is minimax for all integers 	 ≥ 	ݍ,0	 <  .ݐ	

Since ܧஶ
,ି is a subquotient of ܧଶ

,ି , it follows that ܧஶ
,ି 	is minimax for all 0	 ≤ 	݅	 ≤ 	݊. 

Therefore, Φܪ 	=  .is minimax	(ܰ,ܯܫ/ܯ)ோݐݔܧ	
 (ii) The proof is by induction on t. Let ݐ	 = 	0, we have 

((ܰ,ܯ)ூܪ,ܫ/ܴ)ோ݉ܪ 	≅ ((ܰ,ܯ)ோ݉ܪ,ܫ/ܴ)ோ݉ܪ	 	≅  ,(ܰ,ܯܫ/ܯ)ோ݉ܪ	
and the claim follows by the hypothesis. 
 Let ݐ	 > 	0 and ഥܰ 	=  ூ(ܰ). Note that ഥܰ is an I-torsion-free R-module. By߁/ܰ	
(Brodmann & Sharp, 2013, Corollary 2.1.7), ܪூ(ܰ) ≅ )ூܪ	 ഥܰ) for all ݅	 > 	0. The 
assumption shows that ܪூ( ഥܰ) is (I,M)-cominimax for all ݅	 <  The short exact sequence .ݐ	

0 (ܰ)ூ߁	→ → 	ܰ →	 ഥܰ → 	0 
gives rise to a long exact sequence 

⋯ → ோݐݔܧ ((ܰ)Γூ,ܯܫ/ܯ) → ோݐݔܧ (ܰ,ܯܫ/ܯ) → ோݐݔܧ ,ܯܫ/ܯ) ഥܰ) → ⋯ 
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 Since ߁ூ(ܰ) is (I,M)-cominimax and ݐݔܧோ௧  is minimax, it follows that (ܰ,ܯܫ/ܯ)
ோ௧ݐݔܧ ,ܯܫ/ܯ) ഥܰ) is minimax. Let ܧ	 = )ܧ	 ഥܰ) be an injective hull of ഥܰ. The short exact 
sequence 

0 →	 ഥܰ → ܧ	 → /ܧ	 ഥܰ 	→ 	0 
induces 

/ܧ)ூܪ ഥܰ) 	≅  (ܰ)ூାଵܪ	
for all ݅	 ≥ 	0 and 

/ܧ,ܯܫ/ܯ)ோ௧ିଵݐݔܧ ഥܰ) 	≅ ோ௧ݐݔܧ	  .(ܰ,ܯܫ/ܯ)
 These isomorphisms show that ܪூ(ܧ/ ഥܰ) is (I,M)-cominimax for all ݅	 < 	ݐ	 − 	1 and 
/ܧ,ܯܫ/ܯ)ோ௧ିଵݐݔܧ ഥܰ) is minimax. By the inductive hypothesis, ݉ܪோ(ܴ/ܪ,ܫூ௧ିଵ(ܧ/ ഥܰ)) 
is minimax. Moreover, the above short exact sequence also yields the following 
isomorphisms 

/ܧ,ܯ)ூܪ ഥܰ) ≅  	(ܰ,ܯ)ூାଵܪ
for all ݅	 ≥ 	0. Consequently, ݉ܪோ(ܴ/ܪ,ܫூ௧(ܯ,ܰ)) is minimax. From the short exact 
sequence 

0 (ܰ)ூ߁	→ → 	ܰ →	 ഥܰ → 	0 
there is a long exact sequence 

·	·	·	→ ூ(ܰ)൯߁,ܯூ൫ܪ	 → (ܰ,ܯ)ூܪ	 ,ܯ)ூܪ	→ ഥܰ) →	·	·	·	 
 By (Yassemi, Khatami & Sharif, 2002, Lemma 1.1), ܪூ൫߁,ܯூ(ܰ)൯ ≅
ோݐݔܧ ,ܯ) Γூ(ܰ)) for all ݅	 ≥ 	0. Since M is a projective R-module, it follows that 
ூ(ܰ)൯߁,ܯூ൫ܪ = 0 for all ݅	 > 	0. Therefore, ܪூ(ܯ,ܰ) ≅ ,ܯ)ூܪ ഥܰ) and then ݉ܪோ(ܴ/
  .is minimax ((ܰ,ܯ)ூ௧ܪ,ܫ
Corollary 3.2.  
 Let t be a nonnegative integer. Let M be a finitely generated projective R-module and 
N a minimax R-module such that ܪூ(ܰ) is (I,M)-cominimax for all ݅	 < /ܴ)ோ݉ܪ Then .ݐ	
 .is finite ((ܰ,ܯ)ூ௧ܪ)ோݏݏܣ is minimax and ((ܰ,ܯ)ூ௧ܪ,ܫ
 Proof. By Theorem 3.1 and Remark 2.1.(iii), the set ݏݏܣோ(݉ܪோ(ܴ/ܪ,ܫூ௧(ܯ,ܰ))) is 
finite. Moreover, 

(((ܰ,ܯ)ூ௧ܪ,ܫ/ܴ)ோ݉ܪ)ோݏݏܣ 	= (ܫ)ܸ	 ∩ ((ܰ,ܯ)ூ௧ܪ)ோݏݏܣ	 =  ,((ܰ,ܯ)ூ௧ܪ)ோݏݏܣ
and the assertion follows. 
Corollary 3.3.  
 Let N be a minimax R-module and t a nonnegative integer such that ܪூ(ܰ) is I-
cominimax for all ݅	 <  .is minimax ((ܰ)ூ௧ܪ,ܫ/ܴ)ோ݉ܪ Then .ݐ	
Proposition 3.4.  
 Let M be a finitely generated projective R-module and N an R-module. If ܪூ(ܯ,ܰ) is 
I-cominimax for all i, then ݐݔܧோ  .is minimax for all i (ܰ,ܯܫ/ܯ)
Proof. We now proceed by induction on i. When ݅	 = 	0, we have  
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(ܰ,ܯܫ/ܯ)ோ݉ܪ ≅ ((ܰ,ܯ)ோ݉ܪ,ܫ/ܴ)ோ݉ܪ	 	≅  .((ܰ,ܯ)ூܪ,ܫ/ܴ)ோ݉ܪ
 Hence ݉ܪோ(ܯܫ/ܯ,ܰ) is minimax as ܪூ(ܯ,ܰ) is I-cominimax. Let ݅	 > 	0. The 
short exact sequence 

0 (ܰ)ூ߁	→ → 	ܰ →	 ഥܰ → 	0 
induces a long exact sequence 

·	·	·	→ ோݐݔܧ ((ܰ)ூ߁,ܯܫ/ܯ) 	→ ோݐݔܧ	 (ܰ,ܯܫ/ܯ) 	→ ோݐݔܧ	 ,ܯܫ/ܯ) ഥܰ) →	·	·	·	 
 Since M is a projective R-module, it follows that 

ோݐݔܧ
 ((ܰ)ூ߁,ܯܫ/ܯ) 	≅ ோݐݔܧ	

(ܴ/݉ܪ,ܫோ(߁,ܯூ(ܰ))) ≅ ோݐݔܧ
(ܴ/߁,ܫூ(ܯ,ܰ)) 

is minimax for all ݆	 ≥ 	0. Thus, it is sufficient to prove ݐݔܧோ
 ,ܯܫ/ܯ) ഥܰ)	is minimax. Let 

ܧ = )ܧ ഥܰ)	be the injective envelope of ഥܰ, the short exact sequence 
0 →	 ഥܰ → ܧ	 → /ܧ	 ഥܰ 	→ 	0 

induces the isomorphisms 
ோݐݔܧ

(ܧ,ܯܫ/ܯ/ ഥܰ) 	≅ ோݐݔܧ	
ାଵ(ܯܫ/ܯ, ഥܰ) 

and 
ூܪ
(ܧ,ܯ/ ഥܰ) 	≅ ூܪ	

ାଵ(ܯ, ഥܰ)	 
for all ݆	 ≥ 	0.	By the assumption and the above argument, ܪூ(ܯ, ഥܰ) is I-cominimax for all 
i. Hence ܪூ(ܧ,ܯ/ ഥܰ) is I-cominimax for all i. It follows from the inductive hypothesis that 
/ܧ,ܯܫ/ܯ)ோିଵݐݔܧ ഥܰ) is minimax and then ݐݔܧோ ,ܯܫ/ܯ) ഥܰ) is minimax. This completes 
the proof.  
Corollary 3.5.  
 Let N be an R-module such that ܪூ(ܰ) is I-cominimax for all i. Then ݐݔܧோ  (ܰ,ܫ/ܴ)
is minimax for all i. 
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TÓM TẮT 

Chúng tôi giới thiệu và nghiên cứu các môđun (I,M)-cominimax. Bài báo chứng minh rằng 
nếu t là một số nguyên không âm, M là một R-môđun xạ ảnh hữu hạn sinh và N là một R-môđun 
thỏa ݐݔܧோ௧ ݅ ூ(ܰ) là (I, M)-cominimax với mọiܪ là minimax và (ܰ,ܯܫ/ܯ) < /ܴ)ோ݉ܪ thì ݐ
 .là một tập hữu hạn ((ܰ,ܯ)ூ௧ܪ)ோݏݏܣ là minimax và ((ܰ,ܯ)ூ௧ܪ,ܫ
 Từ khóa: đối đồng điều địa phương suy rộng, (I,M)-minimax, môđun minimax. 
 


