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ABSTRACT 

This research focuses on the proofs of the formula to calculate the number of solutions of the 
congruence ( ) ( )1,...,  modnf x x a p≡ , where ( )1,..., nf x x  is a homogeneous quadratic polynomial 

with integer coefficients and p  is a prime (referred to as congruence of a homogeneous quadratic 
polynomial with prime modulus). The study studies the problem naturally through relatively 
elementary results, including those from number theory and quadratic forms, to construct the 
formula to calculate the number of solutions of the aforementioned congruence. Unlike other proofs 
using advanced knowledge, the research results not only provide the formula to calculate the number 
of solutions but also demonstrate that all solutions of a congruence of a homogeneous quadratic 
polynomial with prime modulus are entirely determined by applying algebraic transformations to 
quadratic forms. 
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1. Introduction 

Congruences is a major research direction of modern number theory. According to the 
fundamental theorem of number theory, every number greater than 1 is the product of some 
prime numbers. Therefore, studying the congruences to a modulus m  can be reduced to 
studying the congruences to a prime modulus. The existence of a solution and the formula 
to calculate the number of solutions of congruence of a homogeneous quadratic polynomial 
with prime modulus can be derived by combining well-known results from number theory 
such as Chevalley’s Theorem, Warning’s theorem, Gauss’s sum (Borevich & Shafarevich, 
1966). In this paper, we present a new method for the proof. This method only relies on 
elementary knowledge at the undergraduate level including knowledge of quadratic forms 
(Bowers, 2000) and number theory (Davenport, 2008). 
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2. Quadratic forms 
This section introduces some results on quadratic forms necessary for the subsequent 

proofs. From now on, p  is an odd prime. 
Definition 2.1. A homogeneous quadratic polynomial over the ring   is a polynomial in 
some variables with coefficients in   and each term is of degree 2. 

For a homogeneous quadratic polynomial ( )1,..., nf x x  over  , if we consider its 

coefficients as elements of the field p , we get a quadratic form over the field p  and we 

also denote it by ( )1,..., nf x x . In this case, the number of solutions to the congruence 

( ) ( )1,..., modnf x x a p≡  is equal to the number of solutions of the equation ( )1,..., nf x x a=  

over the field p . 

Note that a quadratic form in n  variables over the field p  can be written as the form 

( )1
1
1

,...,  (1)n ij i j
i n
j n

f x x a x x
≤ ≤
≤ ≤

= ∑ , 

where ,  ,ij p ij jia a a i j∈ = ∀ . The matrix ijA a =    is the matrix of the quadratic form f . 

The form f  in (1)  can also be written as the form Tf X AX=  where X  is the column vector 

of n  variables and TX  denoted the transpose matrix of X . The determinant of A  is called 
the determinant of the form f . From now on, we only consider quadratic forms over p  

with nonzero determinants (these quadratic forms are called nonsingular). 
Definition 2.2. (Equivalent quadratic forms). Two quadratic forms Tf X AX=  and 

Tg Y BY=  are called equivalent if there is a nonsingular transformation in variables which 
takes f  to g . That means there exists a matrix C  whose determinant is nonzero such that 
X CY= . 

Follows from that, we have TC AC B= . Therefore, if f  and g  are equivalent, their 

determinants differ by a square element of p . Moreover, the number of solutions of the 

equations 0f =  and 0g =  is the same. 

We say that the quadratic form f  represents an element α  of p if the equation 

f α=  has a nonzero solution. It is clear that if f  and g  are equivalent, f  represents α , 
then g  also does. We have the following results. 
Proposition 2.3. (Representations of a quadratic form). If the quadratic form f  (in n  

variables) represents an element 0α ≠  of p , then f  is equivalent to a form of the 

following form 
2

1    (2)y gα + , 
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where g  is also a form in 1n −  variables. 

Proof. We may write f  as Tf X AX= , where A  is a symmetric matrix. Because f  

represents α , there exists 1( ,..., ) 0T
nx x x= ≠  such that Tx Ax α= . We can find a nonsingular 

matrix C  whose first column is x . We apply to f  the linear substitution whose matrix is C  

and obtain an equivalent form ' ' ' 'Tf X A X=  of f  whose matrix has α  as its very first 
element. Now, let D  be a matrix whose first column is (1,0,...,0)  and 1n −  last columns are 
column vectors which are a base of the subspace generated by the linear equation '[1] 0A x =
, where '[1]A  is the first row of 'A . Apply to 'f  the linear substitution whose matrix is D , 
we obtain a form of the form (2)  which is equivalent to f . 

With this proposition, we easily get the following result. 
Corollary 2.4. Every quadratic form can be put in diagonal form by some nonsingular linear 
substitution. 
Proposition 2.5. If the quadratic form f  represents zero, then it represents every element of 

p . 

Proof. Two equivalent quadratic forms share the same set of representations. Therefore, it 
suffices to consider f  in diagonal form 2 2

1 1 ... n nf a x a x= + + . Suppose that there is 

1( ,..., ) 0nt t ≠  such that 1( ,..., ) 0nf t t =  or 2 2 2
1 1 2 2 ... 0n na t a t a t+ + + = , we can assume that 

1 0t ≠ . We may write n  variables 1,..., nx x  in the new variables t  as 1 1( 1)x t t= +  and 

( 1) 1i ix t t i n= − ∀ < ≤ . So that we get 

( )( ) ( )( ) ( )( )
( ) ( ) ( )

( )( )

2 2 2
1 1 2 2

2 2 2 2 2 2
1 1 2 2

2 2 2 2 2 2 2
1 1 2 2 1 1 2 2

2
1 1

( ) 1 1 ... 1

2 1 2 1 ... 2 1

... 1 ( ... )2

4 .

n n

n n

n n n n

f t a t t a t t a t t

a t t t a t t t a t t t

a t a t a t t a t a t a t t

a t t

= − + + + + +

= − + + + + + + +

= + + + + + − − −

=

 

Consequently, the equation ( ) ( )1,...,  0nf x x aα= ≠  has at least a solution, that is 

*
1 1( 1)x t t= +  and *( 1) 1i ix t t i n= − ∀ < ≤ , where ( ) 1* 2

1 14t a tα
−

= . 

3. Main results 
To prove the main results, firstly, we have the following lemmas. 

Lemma 3.1. The quadratic form f  (in n  variables) represents 0α ≠  if and only if 
2y fα− +  represents zero. In this case, the number of solutions of the equation f a=  is 

equal to ( )1
1

k l
p

−
−

 with k , l  are the numbers of solutions of equations 2 0ay f− + =  and 

0f = , respectively. 
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Proof. Left implies right is clear, it suffices to show that if 2ay f− +  represents 0, then f  

represents α . Indeed, let 0 1( , ,..., ) 0ny x x ≠  such that 2
0 1( ,.., ) 0ny f x xα− + = . If 0 0y = , then 

f  represents 0, so that it represents α . Otherwise, if 0 0y ≠ , then 1 1
1 0 0( ,..., )nf x y x y α− − = . 

Furthermore, for each nonzero solution ( )1,..., na a  of the equation f a= , we get exactly 

1p −  distinct nonzero solutions of the equation 2 0ay f− + = , that are ( )0 0 1 0, ,..., ny y a y a  

where { }0 \ 0py ∈ , which are not solutions of the equation 0f = . Therefore, the number 

of solutions of the equation f a=  is equal to ( )1
1

k l
p

−
−

 with k , l  are the numbers of 

solutions of equations 2 0ay f− + =  and 0f = , respectively. 
Lemma 3.2. If the form f  (in 2n ≥  variables) represents zero, then it is equivalent to the 
form of the following type 

1 2    (3)y y g+ , 

where g  is also a form in 2n −  variables. 
Proof. Because f  represents zero, f  also represents 1 (by Proposition 2.5). So, f  is equivalent 

to a form of the type 2 'y f+ . Therefore 'f  represents 1−  and that f  is equivalent to the form 

of the type 2 2y z g− +  (by Lemma 3.1). Set 1y y z= +  and 2y y z= − , we get f  equivalent 

to the form of the type (3) . 

Lemma 3.3. The equation ( )1,..., 0nf x x = , where f  is a quadratic form over the field p , 

has a nonzero solution if 3n ≥ . 
Proof. It suffices to prove the statement for the case 3n =  and 2 2 2

1 2 3f x x ux= + − . The 

equation 2 2 2
1 2 3 0x x ux+ − =  is equivalent to 2 2 2

1 2 3x x ux+ = . Consider the set 

{ }2 21 | 0S b b p= + ≤ < . 

If S  contains a multiplicity of p , say 2
01 b+ , then ( )01, ,0b  is a nonzero solution of 

f . Assume that S  does not contain any multiplicity of p , we have S p= . Consequently, 

if S  only contains square numbers modulo p , then by pigeonhole principle, there exists at 

least 
( )

1 1 3
1 / 2

p
p

 −
+ = − 

 elements of S , which is in the same residue class modulo p  (it is 

not true). Using similar reasoning, if S  only contain non-square numbers modulo p , we 
obtain that there are square and non-square numbers modulo p  in S . With this remark, we 

can find { }0 \ 0pb ∈  such that 
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2
01 b u

p p
   +

=   
  

, 

so ( )2 1 2
0 11 b u b−+ =  for some 1 pb ∈ . We get a nonzero solution of f , that is ( )0 11, ,b b . 

Lemma 3.4. The number of nonzero solutions of the equation 0f =  when 2n =  is 

1 ( 1)dp p
p

 −
− + − 

 
, where d  is the determinant of f . 

Proof. By Corollary 2.4, f  is equivalent to the form 2 2ax by+ , noting that d ab
p p

   − −
=   

   
 

and the number of solutions of 0f =  and 2 2 0ax by+ =  are the same. If 2 2 0ax by+ =  has a 

nonzero solution, says 0 0,x x y y= = , then 1 1 2( )ab x y− −− = . It follows that if ( ) 1d
p

− = − , 

then f  does not have any nonzero solution, the statement is true. For the case ( ) 1d
p

− = . 

We write 1 2ab u−− =  for some pu∈  and 
2 2 2 2 20ax by u x y y ux y ux+ = ⇔ = ⇔ = ∨ = − . 

So the statement still holds for this case. 
Now, we can state and prove our main results. 

Theorem 3.5. The number of nonzero solutions of the congruence 
( ) ( )1,..., 0 modnf x x p≡ , 

where f  is a homogeneous quadratic polynomial (in n  variables) over  , is equal to 
/2

1 /2 1

1

( 1)1 ( 1) for  even,

1 for  odd,

n
n n

n

dp p p n
p

p n

− −

−

  −
− + −  

  
 −

 

where d  denotes the determinant of f . 

Proof. We may consider the equation ( )1,..., 0nf x x =  over the field p . We shall prove the 

case n  even by induction on n  as follows. 
For 2n = , by Lemma 3.4, the statement is true. For an arbitrary even number 2n > , 

by Lemma 3.3, the equation 0f =  has at least a nonzero solution. Using Lemma 3.2, f  is 

equivalent to some form 1 2y y g+ . By that, we have ( )1/ 4 gd d= − , where gd  is the 

determinant of g , so ( ) gdd
p p

− =  
 

. Consider the equation 1 2 3( ,..., ) 0   (4)ny y g y y+ = , 

we have three following cases. 
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For each nonzero value of 1y , for each set of values 3( ,..., )ny y , there uniquely exists 

a value 2y  which satisfies (4) , that is 2 3 1( ,..., ) /ny g y y y= − . Therefore, we get 2( 1) np p −−  

nonzero solutions of (4)  in this case. 
Let 1 0y = , for each nonzero value a , the number of nonzero solutions of (4)  for 

which 1 0y =  and 2y a=  is equal to the number of solutions of 0g = . Therefore, the number 

of nonzero solutions of (4)  in the case 1 20, 0y y= ≠  is equal to 

( )( )3 ( 2)/2 ( 2)/2 1( 1) ( 1) /n n n
gp p d p p− − − −− + − . 

In the last case, when 1 2 0y y= = , the number of nonzero solutions of (4)  is equal 

to the number of nonzero solutions of 0g =  and that is equal to 

( )3 ( 2)/2 ( 2)/2 11 ( 1) /n n n
gp d p p− − − −− + − . 

Combining these above cases, the number of nonzero solutions of (4)  shall be equal to 

( ) ( )
( 2)/2 /2

1 /2 1 1 /2 1( 1) ( 1)1 1 1 1
n n

n n n ngd dp p p p p pp p
−

− − − − −  −− + − = − + −   
  

. 

For the case n  odd, we use similar reasoning by induction n . 
For 1n = , the statement is true. For an arbitrary odd number 2n > , by Lemma 3.3, 

the equation 0f =  has at least a nonzero solution. Using Lemma 3.2, f  is equivalent to 

some form 1 2y y g+ . Consider the equation 1 2 3( ,..., ) 0   (4)ny y g y y+ = , we have three 

following cases. 
For each nonzero value of 1y , for each set of values 3( ,..., )ny y , there uniquely exists 

a value 2y  which satisfies (4) , that is 2 3 1( ,..., ) /ny g y y y= − . Therefore, we get 2( 1) np p −−  
nonzero solutions of (4)  in this case. 

Let 1 0y = , for each nonzero value a , the number of nonzero solutions of (4)  for 

which 1 0y =  and 2y a=  is equal to the number of solutions of 0g = . Therefore, the number 

of nonzero solutions of (4)  in the case 1 20, 0y y= ≠  is equal to 3( 1) np p −− . 

In the last case, when 1 2 0y y= = , the number of nonzero solutions of (4)  is equal to 

the number of nonzero solutions of 0g =  and that is equal to 3 1np − − . 
Combining these above cases, the number of nonzero solutions of (4) shall be equal 

to 
1 1np − − . 

The statement is proven. 
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Theorem 3.6. Let a  be an integer which is not divisible by p , then the number of solutions 
of the congruence 

( ) ( )1,..., modnf x x a p≡ , 

where f  is a homogeneous quadratic polynomial (in n  variables) over  , is equal to 

( )

( ) ( )

/2
1 /2 1

( 1)/2
1 /2 11

1
for  even,

1
for  odd,

n
n n

n
nn

d
p p n

p

ad
p p n

p

− −

+
+ −−

  −
 −  

   


 −
−      

 

where d  denotes the determinant of f . 

Proof. We may consider the equation ( )1,..., nf x x a=  over the field p . 

Considering the case n  even, by Theorem 3.5, the number of solutions of the equation 

0f =  is equal to 
/2

1 /2 1( 1)1
n

n ndp pp
− − −− +  

 
 and the number of solutions of the equation 

2 0ay f− + =  is equal to 1np − . By Lemma 3.1, the number of solutions of the equation 
f a=  shall be equal to 

( )

( )

/2
1 /2 1

/2
1 /2 1

/2
1 /2 1

1 ( 1)1 1 1
1
1 ( 1)1

1

( 1) .

n
n n n

n
n n n

n
n n

dp p p ppp

dp p p ppp

dp pp

− −

− −

− −

  −− − + − −   −   
  −= − − −   −   
 −= −  
 

 

Considering the case n  odd, with similar reasoning, the number of solutions of the 
equation 0f =  is equal to 1 1np − −  and the number of solutions of the equation 

2 0ay f− + =  is equal to 
( 1)/2

( 1)/2 1( 1) ( )1 ( 1)
n

n na dp p p
p

+
+ − − −

− + −  
 

. By Lemma 3.1, the 

number of solutions of the equation f a=  shall be equal to 
( 1)/2

( 1)/2 1 1

( 1)/2
1 ( 1)/2 1

( 1)/2
1 ( 1)/2 1

1 ( 1) ( )1 ( 1) 1
1

1 ( 1)( 1)
1

( 1) .

n
n n n

n
n n n

n
n n

a dp p p p
p p

adp p p p
p p

adp p
p

+
+ − −

+
− + −

+
− + −

  − −
− + − − +  −   

  −
= − − −  −   

 −
= −  

 

 

The statement is proven. 
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4. Conclusion 
With elementary knowledge at the undergraduate level, we stated and proved the 

formula to calculate the number of solutions of the congruence ( ) ( )1,...,  modnf x x a p≡ , 

where f  is a homogeneous quadratic polynomial and p  is a prime. Furthermore, the 
research results also demonstrate that all these solutions are entirely determined by applying 
algebraic transformations to quadratic forms. 
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TÓM TẮT 

Nội dung chính của bài báo là chứng minh công thức về số nghiệm của phương trình đồng dư 
( ) ( )1,...,  modnf x x a p≡ , trong đó ( )1,..., nf x x  là đa thức thuần nhất bậc 2 với hệ số nguyên và p  

là số nguyên tố (gọi tắt là phương trình đồng dư thuần nhất bậc 2 theo modulo nguyên tố). Nghiên 
cứu tiếp cận vấn đề một cách tự nhiên thông qua các kết quả tương đối sơ cấp, bao gồm các kết quả 
của số học và dạng toàn phương, để xây dựng công thức tính số nghiệm của phương trình đồng dư 
nói trên. Khác với các chứng minh khác bằng kiến thức cao cấp, kết quả của nghiên cứu không chỉ 
đưa ra công thức tính số nghiệm mà còn chỉ ra rằng các nghiệm của phương trình hoàn toàn được 
xác định thông qua việc áp dụng các biến đổi đại số cho các dạng toàn phương. 

Từ khóa: phương trình đồng dư; dạng toàn phương bậc hai; modulo nguyên tố 
 


